Introduction
The history of the Diophantine equation
in positive integers x and y goes back to 1850's. In 1850, Lebesque [19] proved that the equation (1.1) has no solutions when C = 1. This equation is a particular case of the Diophantine equation ay 2 + by + c = dx n , where a = 0, b, c and d = 0 are integers with b 2 − 4ac = 0. This equation has at most finitely many integer solutions x, y, n ≥ 3. This was proved to be so by Landau and Ostrowski (see [17] ) for a fixed n ≥ 3 in 1920. The fact that n itself is also bounded was proved only 63 years later by Stewart and Shorey in [28] . For the best theoretical upper bounds available today on the exponent n, we refer to [7] and [16] . However, these estimates are based on Baker's theory of lower bounds for linear forms in logarithms of algebraic numbers, so they are quite impractical.
We next survey some results concerning the actual resolution of the Diophantine equation (1.1) for various values of C. In 1993, Cohn [14] studied the Diophantine equation (1.1) and found all its integer solutions (x, y, n) for most values of C in the interval [1, 100] . In [25] , Mignotte and de Weger dealt with the cases C = 74 and 86, which had not been covered by Cohn. In both these cases, the only interesting value of the exponent n is n = 5. The remaining cases were finally dealt with by Bugeaud, Mignotte and Siksek in [11] .
Variations of the Diophantine equation (1.1) have also been intensively studied. For example, if we replace y n from the right hand side of equation (1.1) with 2y
n , but keep the conditions that n ≥ 3 and the coprimality condition on x and y, we get an equation whose solutions were found [29] for all values of C which are squares of an odd integer B ∈ {3, 5, 7, . . . , 501}.
Recently, several authors studied the case when C is a positive integer which is an S-unit, where S is some small set of primes. Recall that if S := {p 1 , . . . , p k } is some finite set of primes, then an S-unit is an integer all whose prime factors are in S. When S = {2}, we obtain the equation x 2 + 2 k = y n which was first studied by Cohn in 1992 (see [13] ) who found all the integer solutions (x, y, k, n) with n ≥ 3 when k is odd, even without the coprimality condition on x and y. The case when k is even in the above Diophantine equation generated a few papers before it was finally completely settled in [4] , without the coprimality condition on x and y, and independently but one year later by Le [18] , under the coprimality condition on x and y. The two proofs used different tools. The recorded work on the Diophantine equation x 2 + 3 k = y n is more entertaining. In 1998, Abu Muriefah and Arif [2] , found its solutions with k odd and two years later, in 2000, Luca [21] , found all the solutions with k even. Unaware of this work, the above results were rediscovered in 2008 by Tao Liqun [20] . The case when S = {5} was dealt with in [3] and [5] . Partial results on the case when S = {7} appear in [23] . Recently, Bérczes and Pink [8] , found all the solutions of the Diophantine equation (1.1) when C = p k and k is even, where p is any prime in the interval [2, 100] .
The paper [22] is the first recorded instance in which all the solutions of the Diophantine equation (1.1) were found when C is some positive S-unit for a set S containing more than one prime. In that instance, the set S was {2, 3}. Since then, all solutions of the same Diophantine equation (1.1) when C > 0 is some S-unit were found in [24] for S = {2, 5}, in [6] for S = {5, 13}, in [12] for S = {2, 11}, and in [15] for S = {2, 5, 13}. In [27] Pink has obtained some results for S = {2, 3, 5, 7}.
Here, we add to the literature on the topic and study the case when C > 0 is an S-unit, where S = {2, 3, 11}. More precisely, we study the Diophantine equation
Our result is the following.
The only solutions of the Diophantine equation (1.2) are:
the solutions given in Table 1 and Table 2 ; n = 4 :
the solutions given in Table 3 A few words about the proofs. We start by treating the cases n = 3 and n = 4. This is achieved in Section 2 and Section 3, respectively. As a method, we transform equation (1.2) into several elliptic equations written in cubic and quartic models, respectively, for which we need to determine all their {2, 3, 11}-integral points. As a byproduct of our results, we also read easily that the only exponents n ≥ 3 whose prime factors are in the set {2, 3} and for which equation (1.2) has a solution (x, y, a, b, c, n) are n = 3, 4, 6. In Section 4, we assume that n ≥ 5 and study the equation (1.2) under this assumption. The method here uses the properties of the Primitive Divisors of Lucas sequences. All the computations are done with MAGMA [10] and with Cremona's program mwrank. 
Before digging into the proofs, we note that since n ≥ 3, it follows that n is either a multiple of 4, or n is a multiple of an odd prime p. Furthermore, if d | n is such that d ∈ {4, p} with p an odd prime and (x, y, a, b, c, n) [22] ), while when b = 0 our equation becomes x 2 + 2 a 11 c = y n all solutions of which have been found in [12] . Thus, we shall assume that bc > 0. Since x, y, a, b, c, n) , then n = 6. Furthermore, when n = 6, the only solution (x, y, a, b, c) is (37, 5, 4, 4, 1) . 
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where U = y/z 2 , V = x/z 3 , α, β, γ ∈ {0, 1, 2, 3, 4, 5} and all prime factors of z are in {2, 3, 11}. Thus, we need to determine all the {2, 3, 11}-integral points on the totality of the 216 elliptic curves above. Recall that if S is a finite set of prime numbers, then an S-integer is rational number a/b where a and b are coprime integers and b is an S-unit. We use MAGMA [10] to determine all the {2, 3, 11}-integral points on the above elliptic curves from which one can reconstruct easily the solutions (x, y, a, b, c) listed in Tables 4 and Table 5 .
When n = 6, we replace n by 3 and y by y 2 and get a solution of the same equation (1.2) with n = 3 and the value of y being a perfect square. Looking in Tables 4 and 5 we get only the possibility (37, 25, 4, 4, 1) for (x, y, a, b, c) . Therefore, the only solution to equation (1.2) having n = 6 is (37, 5, 4, 4, 1). This completes the proof of this lemma.
The case n = 4
Ä ÑÑ 3.1º The only solutions with n = 4 and bc > 0 of the Diophantine equation (1.2) are given Table 6 . Table 6 . Solutions for n = 4.
α β γ z a b c x y
P r o o f. We use a similar method as in the case n = 3 except that we write equation (1.2) as
1) where now U = x/z 2 , V = y/z, and A is fourth powerfree and defined implicitly by the relation 2
γ holds with some exponents α, β, γ ∈ {0, 1, 2, 3}. Observe that all prime factors of z are in the set {2, 3, 11}. Hence, we reduced the problem to determining all the {2, 3, 11}-integral points the totality of the 64 elliptic curves above. We used again MAGMA to determine these points from which we easily determined all the corresponding solutions (x, y, a, b, c) listed in Table 6 . 
The case when
Observe that since bc > 0 and either a > 0 or x is even (see the end of Section 1), it follows that y is always odd. A standard argument tells us now that in K we have holds with some algebraic integer η ∈ O K . We write η = u + i √ dv, where either both u and v are integers, or both 2u and 2v are odd integers, the last case occurring only when d = 3 or d = 11. Conjugating equation (4.3) and subtracting the two relations, we get
The right hand side of the above equation is an integer multiple of 2i
This is a Lucas sequence and it consists of integers. Its discriminant is (η − η) 2 = −4dv 2 . For nonzero integer k, let P (k) be the largest prime factor of k with the convention that P (±1) = 1. Equation (4.5) now leads to the conclusion that Table 1 in [9] (see also [1] ). These exceptional Lucas numbers are called defective.
Let us first assume that we are dealing with a number L p without primitive divisors. Then a quick look at Table 1 in [9] reveals that the only defective Lucas numbers whose roots are in K = Q i √ d with d appearing in the list (4.1) is (η, η) = 1 + i √ 11 /2, 1 − i √ 11 /2 for which L 5 = 1 and y = 3. However, this is not convenient since for us b > 0 and x and y are coprime so y cannot be a multiple of 3. Now let us look at the possibility when the Lucas number L p appearing in the right hand side of equation (4.5) has a primitive divisor. Since p ≥ 5, it follows that 11 is primitive for L p . Thus, 11 ≡ ±1 (mod p). We now see that the only possibility is p = 5 and since 11 ≡ 1 (mod 5), we get that In the remaining of this section, we shall treat each one of these two cases separately.
The case d = 2
Since P (L n ) = 11 is coprime to −4dv 2 = −8v 2 , we get the possibilities
Since y = u 2 + 2v 2 , we get that u is odd.
